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Robust Fault Detection for Uncertain Discrete-Time Systems

Haibo Wang and James Lam
University of Hong Kong, Hong Kong, People’s Republic of China

The fault detection problem under structured uncertainties in the system matrices is considered. The sensitivity
of robust fault detection is one of the important issues considered in the fault detection and isolation development.
To enhance this characteristic, an unconstrained optimization approach is taken to design a robust fault detection
observer. The approach aims at enhancing the fault detection robustness to uncertainties without sacrificing the
fault detection sensitivity, which was seldom addressed before. Furthermore, other objectives related to the observer
gain and the eigenstructure conditioning of the observer system are also taken into account. The gradient-based
optimization approach is facilitated by the explicit gradient expressions derived. Numerical simulation has also
demonstrated the tradeoffs between different objectives as well as the effectiveness of the present methodology.

I. Introduction

HE research and application of fault detection and isolationin

automated processes has received considerable attention dur-
ing the last two decades,' ~° both in a research contextand also in the
domain of application studies on real processes. One area of active
researchis the developmentof model-basedfault detection systems.
There are a great variety of methods in the literature to construct
model-based fault detection systems. One of them, using observer
techniques, has received much attention in the past.

Modern technology has increasingly led to the creation of highly
complex dynamic systems that have demanding performance re-
quirements in a variety of environments. These systems must be
capable of meeting stringent specifications for reliability and op-
erational safety over long periods of time, while operating under
a great deal of uncertainty. However, in practice, such as in chem-
ical processes or aerospace systems, fully accurate mathematical
models of the systems cannot be obtained. There is always a mis-
match between the actual process and its mathematical model even
if there is no fault in the process. Such inaccuracies may give rise
to false alarms and, thus, corrupt the performance of the fault de-
tection system, which may even render it useless. To overcome this
difficulty, the fault detection system has to be made robust, that is,
insensitive or even invariant to such modeling errors. More specif-
ically, a mere reduction of the sensitivity to modeling errors does

not solve the problem because such a sensitivity reduction is gener-
ally associated with a reduction of the sensitivity to faults. A more
meaningful formulation of the robust fault detection (RFD) prob-
lem must, therefore, require robustness to modeling errors without
losing fault detection sensitivity. Such a system designed to provide
satisfactory sensitivity to faults associated with the necessary ro-
bustness with respect to modeling errors is called an RFD scheme.
In recent years the task of enhancing the robustness with respect
to modeling uncertainties has been the subject of many published
papers."’~'3 An overview of robustnessissues and solutions can be
found in the work by Frank.’

No matter which method is chosen to solve the robustness prob-
lem, there is often a point in common: to decrease the effects on
the residues due to modeling uncertainties and simultaneously to
increase that due to faults. In this context, Ding and Frank'* pre-
sented a performance index expressed as a ratio of sensitivities of
the residues due to the unknown inputs and the faults, respectively.
The design goal is to then constructan observer for fault detection
with the performanceindex being minimized. This or a similaridea
is popularamongsta number of subsequent papers for model-based
RFD systems.” 1519

Following this idea, a method for designing an RFD observer
in discrete time is studied in this paper. It is formulated as an opti-
mization problem with observerpoles as the constraints. Apart from
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optimizing the sensitivity-relatedobjective, the present formulation
has also taken into account the observer gain size and the numerical
conditioningof the observer. Moreover, we also considered the case
where uncertaintiesmay appearin the output. This has notbeen sys-
tematically treated in previous fault tolerant studies.”-*1%'® Numer-
ical simulation is used to illustrate the effectiveness of the results.
The paperis organizedas follows. In Sec. II, the RFD problemis for-
mulated and preliminaryresults are given. The problemis converted
into a gradient-based optimization, and explicit gradient formulas
are provided in Sec. III. The design process is summarized in an
algorithmic form. Section IV provides numerical simulation of the
results. Finally, a conclusionis provided in Sec. V.

II. Problem Formulation and Main Results

Throughout the paper, || - ||, || - || 7, and tr (- ) are used to denote
the spectral norm, the Frobenius norm, and the trace of a matrix re-
spectively. All matrices, if their dimensions are not explicitly stated,
are assumed to have compatible dimensions.

Consider an uncertain discrete-time plant given by

x(k+1) =[G + Ag()]x(k) + [B + Ag(K)u(k) + Kf (k)
y(k) = [C + Ac(k)]x(k) 1

where x(k) € R" is the state vector, u(k) € R™ is the known control
input vector, y(k) € R” is the measurement vector, and f (k) € R?
is the actuator and component fault vector. Ag, A, and A are
bounded time-varying uncertainties in G, B, and C, respectively.
Notice that the fault vector f(k) may be input dependent or input
independent.G, B, C, and K are known constant matrices with ap-
propriate dimensions. The pair (C, G) is assumed to be observable,
and the uncertain system is stable.

The observer for the generation of fault detection signal can be
expressed as follows:

#(k +1) = (G — LC)#(k) + Bu(k) + Ly(k)
k) = Cx(k), r(k) =y(k) — y(k)

Denote the state estimation error and the closed-loopsystem matrix,
respectively, as
e(k) == x(k) —x(k), G, =G-LC

where L is chosen such that G is stable. The error and residual
dynamics of the fault diagnostic observer then become

e(k+1) =[G+ Ag(k)]x(k) + [B + Ay (k)]u(k) + Kf(k)
—(G — LC)%(k) — Bu(k) — L[C + Ac(k)lx(k)
= Ge(k) + Ag (k) x(k) + Ay (k)u(k) + Kf (k) — LCe(k)
—LAc(k)x(k)
= Gre(k) + [Ag (k) — LAc(k)]x(k)
+ Ap(k)u(k) + Kf (k) ()
and the residual vectoris given by
r(k) = Ce(k) 3)

Using Eq. (4), with X (k) := [x7(k) u”(k)]", we can rewrite Eq. (2)
as

[Ag (k) = LAc(K)]x(k) + Ap(k)u(k)
=[Ag(k) = LAc(k)  Ap(k)]x(k)
={[Ac(k) Ap(k)] = L[Ac(k) 01} x(k)

=[l, —L]A(k)x(k)

where

Ag(k) Ag(k)
Ack)  Onxm

Ak) :[

Assume the perturbation admitting the following structure:

Ak) = A(E; (k), Ey(k))

F Fo
|:Oi|El(k)[HG Hgl+ |:F }Ez(k)[H 0] @
C

where Fg, F¢, F, H;, Hp, and H are constant matrices defining
the perturbation structure with

1E,B)lF < e, IE2(0) N F < & ®)

The perturbation structure in the state equation is similar to that
considered in Ref. 20. Although the robust stability of Eq. (1) with
either E| or E, vanished has been established?' the general case is
substantially more complicated 22

Remark 1: When the system is suffering from concurrentactuator
and sensor faults as well as unmodeled noises, the system can be
described as follows:

x(k+1) =[G+ Ac(0)]x(k) + [B + Ap(K)Ju(k) + K, fi (k)
y(k) =[C+ Ac()]x(k) + Ky fo (k) + Ay (k)

where f) (k) and f, (k) are, respectively, the actuatorand sensor fault
vectors, K| and K, are known constant matrices, and A y (k) is the
unmodelednoise matrix. In this case, the errordynamicsis governed
by

etk +1)=Getk)+[Ag(k) — LAc(k)]x(k) + Ag(k)u(k)

Sik)
k K, —-LK
+ Ay (k) + [K 2] |:f2(k)i|
and, hence, a similar development can be obtained. However, to
maintain the lucidity of this work, such an extension is not treated
here.
Consider the error dynamics governed by

F
e(k+1)=Gekk)+[I, —L] { |:Oi|E1(k)[HG Hg]

F-
+ [ F(Ii|E2(k)[H 01} #(k) + Kf (k) 6)
C

Thus, the residues r(k) are influenced by two inputs, namely, X (k)
and f(k). Because the system in Eq. (1) is assumed to be stable, we
have ||x(k)|| < |lx(k)|l + llu (k)| and, hence, X(k) is a bounded se-
quence if the input u(k) is bounded. In other words, when the input
u (k) and fault f (k) are bounded, then the error dynamics described
by Eq. (6) can be considered as one subjected to bounded distur-
bances. To measure the magnitude of their effects, we use the H,
norm of the system (6) relating to x (k) and f(k) taken individually.
That is, the H, norm of the systems with realizations

Ge: (G, 4, —LIA(K), ©), Gk (G, K, C)
are given, respectively, by
1 N N
IGello = Jim | ; g Rk, h)T R(k, h)]

IGxll = QK]
where
CGY="I, —L]A(h k>h
Ry = | €O U —L1AG). >
0 k<h

)

and Q satisfies

G,0G,—0+C'C=0 (M
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Noticethat G is atime-varyingsystem with |G |» dependenton the
parameter sequences E (k) and E, (k). The following proposition
provides an upper bound on ||G|l, and the following lemma is
required in the process (see Appendix A for its proof).

Lemma I: Let A, B, and £ be real matrices of compatible dimen-
sions. Then

max |AEB|r = €llA]||IB]l

I€IF<e

Proposition 1: With Q defined in Eq. (7), and E| (k) and E, (k)
satisfying Eq. (5),

IGel, < V2[e]| Q2 F||IlHs  Hall

+e| Q% Fs —LFA|I1H]] @®)
In particular, if A, (k) = 0 [respectively, A, (k) =0], then
IGel: < ]| @3 1Fs —LFA|IH]

(respectively Gz ll> < & | QT F ||l Hs  Hi1ll)

Proof: See Appendix B. O

Itis clear that the part of the “energy” containedin the residues is
contributedby || G |2, which is dependenton the actually perturba-
tion sequences E| (k) and E, (k). In practice, these sequences are not
known a priori. For this reason, one should consider the worst-case
sensitivity of the residues due to E, (k) and E,(k). The following
functionrelated to the worst-case sensitivity of residues due to these
parameters is defined:

Se = | QTF||IlHs  Hylll + & QF[Fs  —LF1|IHI
Similarly, the sensitivity of residues due to faults is defined as
Sk =] ork],

The ratio of sensitivities S; /S, referred to as the noise-faultsensi-
tivity, is a noise-signal measure in the robust fault detection context.
Itis also easily seen that

IGel> _ /352
IGxl: = Sk

Clearly, S¢ should be kept small to desensitize the influence of
uncertainties in the residual vector whereas Sx should be made
large to enhance the sensitivity due to faults. Unfortunately, there is
in general a tradeoff between the two sensitivities.

For the observersystemmatrix G, the choiceof L is suchthatthe
eigenvaluesare distinctand spec(G ) N spec(G) = ¥ where spec(-)
denotesthe spectrum of a matrix. The reason that the eigenvaluesare
chosento be distinctis due to an eigenvaluesensitivity consideration
(less susceptible to perturbation). This is always possible because
(C, G) is observable. Then there exists an invertible V such that

VG,V '=A ©)

where A is areal pseudodiagonalmatrix with spec(G 1) = spec (A).
Specifically,

. o) ﬂl o, ﬂn’
A=d _o
1ag|:(_ﬂl Oll) , , (—ﬂn’ Oln') > Vs > Vn 2ni|

with the eigenvalues of A as the desired observer eigenvalues,
a;xBij,i=1,....n, . k=1,...,(n—2n"). Although V is not
an eigenvector matrix, there exists a unitary U such that VU is
an eigenvector matrix of G, . Nevertheless, V defined via Eq. (9)
is nonunique. By writing Eq. (9) as

VG — AV = MC, L=V'M (10

then for each M, a unique V is obtained because spec(A) N
spec(G) =¥. Moreover, the set

M :={M e R"*" | Vsatisfies VG — AV = MC is invertible}

is open and dense in R" *”. To improve the numerical conditioning
of the observer, the spectral conditionnumber of the eigenvectorma-
trix of the closed-loopsystem matrix givenby || V||| V=) shouldbe
small due to the Bauer-Fike theorem.?* On the other hand, the size
of the observer gain measured by ||L| should not be excessively
large. Moreover, a small || L || will also reduce the effects of the any
perturbationsin C. For a given fixed set of desired observer poles
characterizedby A, the residual vector mixed sensitivity minimiza-
tion problem can be formulated as follows:

min [e(Sg/Sk) + BILI+ A —a = AIVIIV'I] (D
MeM

where « €[0, 1] and B €0, 1] are scalar weightings subject to
o + B < 1. These parameters are used to control the relative empha-
sis of the individual objectives. Because of the tradeoffs between
these objectives, the parameters & and § are required to be tuned so
as to obtain an acceptable compromised solution.

Remark 2: Similar to almost all relevant works,"78:1224=27 we
considered the system in the open loop. Our task is to design a fault
detection observer,and it does not alter the structure of system sub-
ject to faults. It should be understood that the open-loop system in
Eq. (1) may alsorepresentsome system under closed-loop feedback
that is subjected to uncertainties. Thus, it makes no difference for
both open-loop or closed-loop systems using our approach as long
as they can be equivalently described by Eq. (1). On the other hand,
if u(k) = Px(k) +v(k) is given a priori with v(k) as the new ref-
erence input, then the closed-loop system obtained with Eq. (1) is
given by

x(k +1) =[G + BP + Ag (k) + Ay (k) P1x(k)
+ B+ Ay () v(k) + Kf(k) (12)

and, hence, a similar formulation can be obtained by identifying
G+ BP — G, Ag(k) + Ag(k)P — Ag (k) and H; + HzP — Hg.
In this case, the fault vector f(k) must be input independent and
treated as input disturbance to the system (12). If f(k) is state de-
pendent, such as that due to actuatorfaults, then it would be difficult
to ensure the closed-loop stability, and our designed observer does
not have the appropriate structure to estimate the state of Eq. (12).

Remark 3: The choice of Ag (k), Ag(k), and Ac(k), usually of
small magnitude, is primarily used to structurally represent model-
ing uncertainties in G, B, and C, respectively. In the closed-loop
case, although A (k) can also be used to reflect actuatorfaults, such
A3 (k) may belarge enoughto affectthe performanceof the observer
constructed based on a noise-signal measure. For closed-loop sys-
tems with significant degradation of the control channels such as
actuator failures, fault detection will not be considered as the ma-
jor issue because stability may not be preserved anyway. These are
some reasons why fault detectionis normally formulatedin the open
loop, and along this direction the present paper is developed.

III. Gradient-Based Optimization

Consequently, an equivalent minimization problem to that in
Eq. (11) can be formulated as

Problem RFD: mijl\q/lj (13)

e
with
J=ali+BL+0—-—a—-p8)J; (14)
where
_e||0FF|ItHs Hylll + e 0F1Fs —LF|IH]
- lotk],

Jy =L, Jy = VIV 1s)
Notice that Eq. (13) corresponds to an unconstrained minimiza-
tion problem with Eq. (14) differentiable almost everywhere (apart
from possibly at those maximum singular values in Q'/?F, Q'/?
[Fe —LFc], L, V,and V™!, with multiplicity greater than unity).
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Thus, a gradient-based optimization procedure can be applied. The
gradientof J with respectto M is then summarized in the following
proposition (see Appendix C for its proof).

Proposition 2: Suppose

Q%Fvll = ||Q%F||ull
Q3[F; —LFclvi=|0%Fs —LFcl|un

Lv, = ||L|lus, Vx, = IVlys, Vi, =1V ya
where (v11, u11), (Vi2, U12), (V2, U2), (x1, y1), and (x,, y,) are the
corresponding singular vector pairs (unit norm). If the maximum
singular values of Q'/?F, Q'?[F; —LF¢], L, V, and V! are
distinct, then
0J 9J, +ﬂaJ2 +a 5) 0J;
e =2 —a— B —
oM oM oM oM

=a[Y"T -V TG (X +Xx")]CT

1
IHIVTQ2upw( [0 —Fc]”

lozk],
+B(=2"C" + Vv Tupl) + (1 —a - pUTC’ (16)
where
GT0G, - 0+C'C=0 (17)
W, 0% + QTW, — Fyyu’, =0 (18)
W, 0% + QT W, — [Fs  —LFclviul, =0 (19)
GxGT — x 4 2llHs HB]!WI + el HIW,
|o2k],
alltHs Hll| QP F | + & IHI[ Q3 1Fs ~LFc]|
2| otk
x KKT =0 (20)

GY —YA—LC(X +X")GTQV~!

1
e | HILI0O —Fclv,u,02V-"

1 =0 1)
ok,

GZ—ZA —||L|uu’ V="' =0 (22)

GU -UA - [||V7'||x1y1T - ||V||||V7'||2xny,f] =0 (23)

Remark 4: For a particular M € M, the computation of the gradi-
ent starts with solving V and, hence, L from the Sylvester equation
in Eq. (10). Then G, =G — LC can be formed and the matrices
required for 3J /dM can be obtained from the matrix equations in
Proposition2 when successivelyevaluated. There are eight Sylvester
equationsto be solved and singular value decompositions(SVD) are
required to compute the singular vectors.

Now, we summarize the process of obtaining the fault detection
observer gain in the following schematic RFD algorithm. G, B, C,
K,F,Fg, Fe,H, H;, Hp, and A are given.

1) Choose nonnegativenumbers « and 8 subjecttoa + 8 < 1 and
nonnegative numbers ¢; and &,.

2) Select an initial guess M, € M and solve minimization prob-
lem (13) based on the objective function (14), and function (15) and
its gradient function (16). (Off-the-shelf numerical routines such as
those from MATLAB® may be used, or gradient-based numerical
algorithms in Ref. 28 may be implemented.)

3) Let M, be the optimal solution obtained in step 2. Compute
Jl, Jz, and Jz

4) 17 J,, J,, and J; meet the requirements, GOTO step 5, ELSE
GOTO step 1 and modify the valuesof @ and 8 (relax the perturbation
constraint values ; and &, if possible).

5) Solve Eq. (10), the required observer gain is given by Loy =
V= M.

IV. Numerical Simulation

Example 1: Consider a linearized discrete-time model of a ma-
nipulator with two rotational joints studied in Ref. 29,

x(k + 1) = Gx(k) + Bu(k) + Kf (k), y(k) = Cx(k)
where
0.9627 0.0019 —0.1963 —0.0002 0.1778 0.0002
0.0019 0.9588 —0.0002 —0.1959 0.0002 0.1774
00196 0 09980 0 00018 0
| o 0019 o0 09980 0  0.0018
0 0 0 0 08187 0
|_ 0 0 0 0 0 O.8187J
00185 0
0 00185
0.0001 0
B=K=1"0 " 00001 ¢=0 4
11813 0
0 01813

Notice that the dynamics of the actuators, the field-controlled dc
motors, are included in the model. The state variables x; and x,
represent the joint angle velocities, whereas x3 and x, represent the
joint angles. Finally, x5 and x4 are the actuators command outputs.
The system was simulated with an actuator fault starting at k = 100
given by [0.1, —0.8]7. In this example, the system uncertainty in
Eq. (4) has

02 0 025 0
0 02 0 0
02 0 0 0
= s FG =
0 02 0 0
0 02 0 0
I_O 0 I_ 0 O.ZSJ

0 0
Fo [0.25 0 —l
0 025

|_ 0 0

. 0.05 0 0 005 005 0
"o 005 0 o0 0 0.05

025 0 O 0O O 025 0.25 0
HG = s HB =
0 025 0 0 025 O 0 O

and E (k) and E, (k) are random processes with || E (k)| r =&, and
|E>(k)|| p = &, (eachelementis a random variabledrawn froma nor-
mal distribution with zero mean and unit variance and then normal-
ized to give the required norm). Notice that this represents the worst
sequence, in terms of perturbation norm, in the simulation process.
Inthe presentexample, &, and ¢, are takenas unity. Two cases of u (k)
will be used, u; (k) =[1, 117 and u, (k) = [sin(0.1k), cos(0.1k)]".
The choice of the target poles of observer (different from those of
the original system) should reflect the response speed requirement,
and a faster speed generally lead to a larger feedback gain. Thus, a
compromise between them should be reached. In our example, the
poles of the diagnostic observer are designed at 0.1, 0.2, 0.3, 0.4,
0.5, and 0.6, which give a nonoscillatoryresponse behavior. That is,

A = diag(0.1,0.2,0.3,0.4,0.5, 0.6)

When the approach developed in this paper is used, the opti-
mization is initiated with a random initial value of M. Numerical
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experience indicates that the initial choice of M has little influence
on the optimal results. However, it is suggested that a number of
initial guesses should be tested. The numerical simulation was car-
ried out using MATLAB 4.2 (Control Toolbox 3.0b, Optimization
Toolbox 1.0d), and an optimal observer gain L, is obtained. For
comparison,an observer gain L., which gives the same spectrum
is obtained from the command place.m (the command has also taken
the sensitivities of the eigenvalues into account). We have

18.3138 —2.9365 —4.0858 —3.7116
—3.0069 14.7346 —8.0278 —6.6398
L 13656 —0.0583 —0.1146 —2.0516
o T 0.0204 12612 —0.2245 —3.7898
0.2065 0.1421  0.5564 —5.6251
0.0000 —0.0091 0.0136  0.2718
25.3413  3.6371 0.1778 0.0002
3.8877 25.0679 0.0002 0.1774
L 14613  0.0977 0.0018 0
Phee 70,1061 1.4562 0  0.0018
0 0 0.3187 0
I_ 0 0 0 0.2187J

In Table 1, different choices of o and B are compared with L ;..
Ideally, all J;, i =1, 2, 3, should be uniformly small. However, be-
cause of the tradeoffs between these objectives, a compromise is
necessary. Notice that cases 1-3 correspond to special situations
where only one particularobjective J;, i =1, 2, 3, is minimized, re-
spectively. Thus, the values in cases 1-3 may be considered as the
best values obtained when J; is consideredindividually. The choice
of o and B in case OPTIMALI is considered to be better as com-
pared with case PLACE. The tradeoffsbetween these objectivescan
be observed.

In example 1, Figs. 1-4 show the residual responses due to differ-
ent choices of o and 3, respectively, and Fig. 5 shows the residual
responses due to Lyj,.. In case OPTIMALLI, despite the influence
of E| and E,, a threshold at +1 can easily be imposed on the resid-
ual signals to indicate the occurrence of fault at the sampling instant
k = 100, which disappearedat the sampling instantk = 200. In other
words, therobustfaultdetectionsensitivityas indicatedby J; in case

Table1 Summary of simulation results of example 1

Case Parameters Ji Jo J3

1 a=1,8=0 0.1197 9.4 x 10* 7.3 % 10°
2 a=0,8=1 0.8853 33 8.6 x 10
3 a=0,8=0 0.5797 19.9 100.4
OPTIMALI1 «a=0.98,8=0.01 0.1960 20.0 101.2
PLACE Lplace 0.5592 29.0 293.3

150 200

<16 Residues under u=u2

: ; ‘
0 50 100 150 200 250 300

Fig.1 Residual effects in case 1.

Residues under u=u1

i i i i
0 50 100 150 200 250 300

Residues under u=u2

; i ; i i
0 50 100 150 200 250 300
Fig.2 Residual effects in case 2.

Residues under u=ut

1 1 1 1 I
0 50 100 150 200 250 300

Residues under u=u2

I 1 1 1 L
0 50 100 150 200 250 300

Fig.3 Residual effects in case 3.

Residues (OPTIMAL) under u=ut

1 1 1 L
0 50 100 150 200 250 300

Residues (OPTIMAL) under u=u2

0 50 100 150 200 250 300
Fig. 4 Residual effects in case OPTIMALIL.

PLACE is comparatively smaller than in case OPTIMAL1. More-
over, Figs. 1-3 also demonstrate the effectiveness of our method
by showing the residual responses when objective functions J = Ji,
J,, and J; are used, respectively. It can be seen that no reasonable
thresholdcan be deduced to distinguishthe influence between faults
and uncertaintiesin these three cases. The comparisons, thus, illus-
trate that J;, J», and J5 all played important roles when designing
an RFD observer.
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Residues (PLACE) under u=u1

i 1 1 i
0 50 100 150 200 250 300

Residues (PLACE) under u=u2

0 50 100 150 200 250 300
Fig.5 Residual effects in case PLACE.

To assess the achieved performancein the optimizationprocessof
case OPTIMALI, the improvementin J;, J,, and J; are compared
with the valuesat therandominitial guess. The noise-faultsensitivity
(measured by J)) is decreased by 45% (from 0.3550 to 0.1960), the
magnitude of the observer gain L (measured by J,) is decreased by
75% (from 80.3 to 20.0) and the condition number of the observer
system matrix (measured by J3) is decreased by 92% (from 1252.4
to 102.5).

Example 2: Considerthe linearized dynamicsof a vertical takeoff
and landing aircraft in the vertical plane as proposed by Saif and
Guan®® and Narendra and Tripathi?! The continuous-time state-
space descriptionis

x(t) = Gx(t) + Bu(), y(t) = Cx(t)

where the states are the horizontal velocity (knot), vertical velocity
(knot), and pitch rate (degree), respectively. The actuator inputs
are the collective pitch control and the longitudinal pitch control,
respectively. The system is sampled at 0.5 s. to result in a discrete-
time state-spacerealization (G, B, C) with fault structure given by
K, where

0.9813 0.0083 —0.0454 —0.2459
_ 100117 0.5813 —0.3898 —1.6662

0.0457 0.1274 0.8230  0.4803
0.0117 0.0358 0.4433  1.1361
0.2664  0.0365 1 000
| 17629 —3.2664 co 0100
—23152  1.7209 |’ “lo o1 0
—0.6083  0.4660 01 11
K =0.2B

The open-loop eigenvalues of the discrete-time nominal plant are
located at 1.1383 +0.1474i, 0.3548, and 0.8902. A state feedback
gain

—1.2707 —0.0005 0.6865 1.4542
—1.3140 —0.0452 0.3938 0.9317

is employed to stabilize the aircraft such that the closed-loopeigen-
values are located at 0.25, 0.42, 0.65, and 0.60.

The faults, considered to be input independent, start at k = 100
and end at k =200 given by [1.5, —1.5]7. The system uncertainty
structure is as in Eq. (4), where

025 0 025 0
0 025 0 0
F= , F, =
025 0 0 0
0 025 0 025

0 025
025 0 0.05 005 0 O
FC: , H:
0 025 005 0 0 0.05
025 0 J
02 0 0 02 005 O
HG: s HB:
0 02 02 O 0 0.05

All othersettingsof E; (k), E,(k), e, &2, andu, (k) are the same with
example 1 and u, (k) =[0.5 sin(0.5k), 0.5 cos(0.5k)]”. The poles of
the diagnostic observer are designed at 0.1, 0.2, 0.3, and 0.4. The
design parameters « and f are taken as 0.990, and 0.001, respec-
tively.

As discussed in Remark 2, if we identify G +BP — G and
Hg + Hp P — Hg, the closed-loop system

x(k+1) =[G + Ag(k) + BP + Ay (k)P1x(k)
+ B+ Ay () v(k) + Kf (k)

y(k) = (C + Ac)x(k)

can be handled by the proposed method. The numerical simulation
was carried out using MATLAB 4.2 (Control Toolbox 3.0b, Opti-
mization Toolbox 1.0d), and an optimal observer gain L, is given

by

02598 —02367 —0.0216 02114
17974 14972 22948 —1.6902
Lo = (6510 08558 12574 —1.0945
~0.0864 —0.9554 —0.0616 0.6903

Notice that C is an invertible matrix, and an observer gain Ly, can
be exactly solved with

Lo = (G + BP — A)Cil

04949 —0.1690 —0.0236 0.1755
20638 26741  1.6803 —2.1460
~ 07262 13336 0.8941 —1.2829
01722 —0.2708 —0.0766 0.2858

Because A is diagonal, the best (and lowest possible) condition
number equals unity is obtained, and such L.y, will be used for
comparison.

In Table 2, different choices of o and B are compared with Ly,.
Figures 6-8 show the residual responses due to different choices of
o and B, respectively, and Fig. 9 shows the residual responses due
to Lexae. In case OPTIMAL?2, a threshold at 5 can be imposed

x 10" Residues under u=u1

L L 1 L 1
0 50 100 150 200 250 300

. x 10 Residues under u=u2
T T T T

o
T

A

L L 1 L 1
0 50 100 150 200 250 300

Fig.6 Residual effects in case 6.
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Table 2 Summary of simulation results of example 2

Case Parameters Ji Jo J3

6 a=1,8=0 0.0253  2.1x10* 1.9x10°
7 a=0, =1 0.2554 0.3 7.7 x 10?
OPTIMAL2 o =0.990, 8=0.001  0.1248 43 10.8
EXACT Lexact 0.3574 49 1

Residues under u=ut

L 1 Il 1
0 50 100 150 200 250 300

1 i 1 i
0 50 100 150 200 250 300

Fig.7 Residual effects in case 7.

Residues (OPTIMAL) under u=u1

1 1 1 1
0 50 100 150 200 250 300

Residues (OPTIMAL) under u=u2

0 50 1 (I)O 150 2(I)O 2I50 300
Fig. 8 Residual effects in case OPTIMAL?2.

Residues (EXACT) under u=u1

Il 1 1
0 50 100 150 200 250 300

0 50 100 150 200 250 300
Fig. 9 Residual effects in case EXACT.

on the residual signals to indicate the occurrence of fault. In other
words, even though L, has the lowest conditionnumber, the RFD
sensitivity as indicated by J; in case EXACT is smaller thanin case
OPTIMALZ2. Moreover, Figs. 6 and 7 demonstrate the effectiveness
of our method by showing the residual responses when objective
functions J = J; and J, are used, respectively. Similar to example
1, the improvement in Ji, J,, and J; with respect to the random
initial guess are respectively 81, 75, and 99.0%.

V. Conclusions

In this paper, a method is proposedfor designingan RFD observer
when the system under considerationis subjected to structured per-
turbations. The approach aims at enhancing the fault detection ro-
bustness to uncertainties without sacrificing the fault detection sen-
sitivity, which was seldom addressed. Furthermore, other objectives
related to the observer gain and the eigenstructure conditioning of
the observer system are also considered. The gradient-based opti-
mization approach is facilitated by the explicit gradient expressions
derived. Numerical simulation has also demonstrated the trade-
offs between different objectives as well as the effectiveness of the
present methodology.

Appendix A: Proof of Lemma 1
Let the SVD of A and B be, respectively, A=U,%,V] and
B = UpXV;] wherethe singularvaluesare arrangedin descending
order. Thus,

AEB = U S, VIEU V] = |AEB|r = | Z VI EULZ,

and with &' := VATé'UB, we have ||E'||F = IIVATé'UBIIF =|&r <1.
Hence,

max [AEB|r = max [|Z,E'Tgllr

I€1F<e 1€ IF <€
Since
IZ4E Epllr S IZANE Zpllr S NZAlIZRIE N <€l ZAlIZ5
andwhen&’ = eu, v, whereu, andv, are, respectively,the first stan-
dard basis of R? and R", respectively, the upper bound is achieved.
That is,
| = (ewrv]) S5, = €l Zalllzsll = el ALl B

Therefore, the result follows. O

Appendix B: Proof of Proposition 1
Define

| N N
1GE 208 = N1 Z Z tr[R(k, k)T R(k, h)]

h=0 k=0

We have

N

Z tr[R(k, h)" R(k, h)]

k=0

N
Ztr (A(h)T [ZT} (G’Z”’)TCTCG’Z”’[In —L]A(h))

k=0

1,
tr(A(h)T [LT} (M, —L]A(h))

where

N
Q(h)z Z (Gz)k—hcrcGlz—h

k=h
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satisfies
GIQ(hG,—Qh—-1)+CTC=0, AR = A, (h) + Ay (h)
F
Ay(h) =[I, —L] [O} E\(h)[Hg Hg]
Ay(h) =1[1, —L] |: } E,(h)[H 0]
Therefore,

wAG)T QM AM] < 2|0 At +2] 0t ma.m|

From the form of Q(h), it is easy to see that Q(h) >0 and for
t, <t,, we have Q(t,) > Q(t,). Moreover, G is stable; thus, Q (h)
is a uniformly bounded sequence and, hence, lim;, ., _,, Q(h) = 0,
where Q satisfies Eq. (7). In fact, it is easy to see that

N
. . k+h
im0 = tim 3 (07)"""crca

N+h =

(61)"crcar =Y (61) ¢ car

m=0 m=0

= lim
h— o0

which is the observability gramian. Now,

N
[lotmaml; +[ ot maml;]

h=0

2
”gEllz_lg_N] =

IA

2 . 1 1
=Y [letam]; + et a.m], |
h=0

<2 max Jotaim]; +, max [otaum])]

Clearly, because E| (h) and E, (h) are uniformly bounded, the right-
hand side term is well defined. Moreover, we have the 2-norm of G
over an infinite interval given by

1
16:1: = V2| max Jotam]; + max otam]; |
h=0,1,.. h=01,..

< V3| max [Qraim], + max |0tamm],]
h=0,1,.. h=0,1,...

Therefore, we obtain Eq. (8) according to Lemma 1. Suppose, for

any k=0, 1, ..., the worst A and A, are such that
1 [F
max QA =& || Q%L L] I[Hs  Hp]l
IEIF <er 10

—&|| @ F|IlHs  Hall

[0t as], =& |0*ir, -1 "°
£l < e ? " Fe |

H It o]l

=6 |0 Fs —LF|IH]
In particular, if A (k) =0 [respectively A, (k) = 0], then

IGel < max [Q*a,)],
k=0.1,..
X [respectively,llgEHz <  max ” Q%Al(k) ”F]

IGell, < &2]| Q3 1Fs  —LFA|IH]I

O

x [respectively, IGell> < &1 | @ F|IlHs  Hyll]

Appendix C: Proof of Proposition 2
To prove Proposition 2, we require the following lemma.
Lemma 2: For real matrices M, N, O, R, X, and Y satisfying
either of the following Sylvester equations

MX+XN+Q =0, YM+NY+R=0

MXN — X + 0 =0, NYM —Y +R =0
then tr(XR) = tr(YQ).

For brevity, we only prove the second Sylvester equation case of
Lemma 2.

Proof of Lemma 2 (second case): Postmultiplying the two
Sylvester equations by R and Q gives

MXNR — XR + OR =0, NYMQ — YO+ RQ =0

and, hence, tr(MXNR — XR + OR) = tr(NYMQ — YO + RQ). Since
tr(QR) = tr(RQ), we have

tr(MXNR) = tr[(MXN)(Y — NYM)] = tr[(MXNY — MXNNYM)]
= tr(NYMX — NYMMXN) = tr(NYMQ) 0

The result follows.

We divide the whole proof into three parts for J;, J,, and Jj,
respectively.

First, consider J; = J;; + J;,, where

_e|otF|itHs  Hyll
lozk],

_aloitrs —LEA|IH)
|o3k],

We first consider J,;. With M = [m;;],

ol el Hyll 9] 0 F|

om;; ” Q% K ” , om;;

altds Hyll[oiF| o] 07k],
|otx]; oy

Because the maximum singular value of Q'/?F is distinct and

Q%Fvll = ||Q%F||"117 uﬂQ%FZ ”Q%F”vﬂ

u{lu“:l, V{lvllzl
Hence,
ad F
aaQ X F + 0% Favll _ ”Q ” 11+||Q F” ouy
mi., ij am.,

which, with u],u;; =1, implies

L 1 1 1
o] F| 007 F 907 307
=u171 Vi1 :url_FV“ =1 —Fv”ulTl
ami.,» ami.,» ami.,» ami.,»
Observe that
otd0h 0% 1 90
ami.,» ami.,» aml,

Thus, with Lemma 2,

lotel (oo,
ami.,» B ami.,» :
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where W, is obtained from Eq. (18). On the other hand,

a||Q]7K||F — L tr(KT OK) = ;tr(ﬂKKT)
om;; Im; 2| 0 K ||F g

Here, 8 Q/dm;; is obtained via differentiating Eq. (7), which gives

T
00 20 | av
GT G VI —LC —ee’C G
" am;; dm; +( |:ami.i i }) 0oL

L — ———

%
+ GZQvil [WLC - eie;—Ci| =0
L

Now, using Lemma 2 again,

3 _ aillHe Hyl tr(ﬂwl) _allis HlI|Q*F|
dm; 2||Q%K||i

= o],
xtr(ﬂKKT):tr 90 slll[H(]; Bl
s | o],

_ e1ll[Hg HIB]” |LQ%F|| KKT1|)
2| o3k |,

v
= tr((Xl +XxNGiov! [rl,c - eie_,TCD

i

%
= tr(rLC(Xl + X{)G{Qvl)

ml./

—elC(X,+X])G oV e,

where
GLXIGZ_XIJF[SIM[H(i Hyl
leik],
elllHe Hsll|Q*F
_aullHs_Hy IL IIKKT}:O
2|0 k|,

Since
ﬂG—Aﬂ:eeTC
ami_, ami,» e

and, hence,

aJy v
— =tu|—LC(X, + XT)GTQV!
om;; r|: m; (xi+xf)ie

—elC(X,+X])G oV e,
=tr(Yieel C) — el C(X, + X[)GQV e
=ejc[ri — (X +x7)GL oV ]e,
where
GY, —Y,A=LC(X,+ XI)GI oV~

Consequently,

0J
v v 06, (x, + X)) e

Now we consider J,,,

00 _elHI 3]0Fs —LF|

om;; ||Q'5K||F om;;

alHI|otFs —LF] o] 0*k],
|otx]; oy

Under the assumption, the maximum singular value of Q'/?F is
distinct and

Q¥Fs —LFclvi=|Q¥Fs —LFcl|ur
ul,0*[Fg —LFc]= |0 Fs —LF|v,
vszvu:l

T —
U = 17

Hence,

L
YeTlle —RIel, 4 QfFs —LFo i
om;; om;;
L
:a||Qz[FG LFC]||u12+||Q'5[FG —LFC]||8"'2
om;; om;;

which, with uT,u;, =1, implies

olottre —LFI| _ , a0t1Fe —LF

amy; 12 amy;

1
_ (an[FG —LF] T)
=tr Vigly,

om;;

12

1
00?2
:tr(aQ [F(, —LFC]vlzusz

i
1 oL
710 — F, r
e |: am;; C:|vuu12)

Thus, with Lemma 2,

1
902 a
tr Q [F(, —LFC]VlzuTZ =1tr Q Wz
om;; om;

where W, is obtained from Eq. (19). Also,

L

oL
tr(Q%[O 3 Fc}"lzuﬁ):tr([o ~Felvouj,0%)
m

where
oL 4 o
— = -V ' ——L+V ¢ge;
am;; n; !

Hence,

o 2L [0 —Fclviou',Q?

r| — —Fclv

ami_,’ clvie,

v T Aty/—1
= —tr a_L[O _Fc]vlzuleZV

ml./

+e[0 —Felvpul, 03V e,
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Now, when Lemma 2 is used again,

aJin  &lH]| |:tr( 00 W A% L0 —F]
= T —W-— —Fc
o, ~ Tora], L\, ™ g

x le"ler%Vl) +e_,7[0 _FC]VIZMTZQ%Vleii|

alHl]|Q1Fs Q—LFC]II tr(gﬂ,)
2|0k | Im;

:tr(ﬂ[ €2|||H” WZ
omi | |ok],
_mlHI|tFs —LFA| KKTD

2 ok|;

_tr<av &I HIILIO —Fc]vlzuer%V‘)
1
omj lotk],

T'SZHH”[O _Fc]vlzuerévfl
i I
’ loikl,

i

9V
= tr((Xz +X1)Gjov™! [TLC - eie_,TcD

i

Hr(_ OV &l HILIO Fc]vlzurzgévl)
1
ot

T'SZHH”[O Fc]vlzuer%V’l
i I
’ loix],

i

v
= tr(a—LC(Xz + X{)G{Qvl)

ml./

—e]C(X, + X7) Gl Ve,

H( OV el H|ILO —Fc]vlzuer%V')
== ]
om;; lork],

TSZHH”[O _Fc]vlzuerévfl
i I
’ [etk],

i

mi;

— el HILO _FC]VIZMTZQ% - ))
1
lozk],

. T(sann[O —Felvul, 04 V!
J 1
lo*k],

oV
= tr(a— (LC(X2 +XxI)Giov!

—C(X2+XZT)GZQV')ei

_ Lo,
= tr(Yzeie_/TC) +ef (32”1.1”[0 IZC]VIZMITZQZ 1%
lorx],
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—C(x, + XZT)GZQV')ei

— ot (CY2+ 1719 _Fi]vlzuTzQ%V*'
[osx],

—c(x, + XZT)GZQV')ei
where

G.X,GT — X, + [ ,

|o*xl,

elHI|QtFs ~LF| KKT} o
2|0tk
GY, —Y,A = LC(X,+ X])Gl oV~

_SZHH”L[O _Fc]Vuuerévfl
lotk],

Consequently,

9J12

o =Y = V6. (%, + x])]c”

eIHIVTQ3uw [0 —Fc”
1
|ozk],

They sum up to give

aJy  dJi | 3Jn

o = o Faar = VT eG (XDl

SIlHIVTQ%u w0 —F1
1
|oxk],

+v,C" +

~ VG, (X, + XI)CT
=¥ + Y] —vTQG. (X, + X, + XT + XT)]c”

eIHIVT 0 uwh [0 —Fc"
|o3k],

= [YT —_y-T QGL(X + XT)]CT

1
B HIVT Q0 upmh [0 —Fe]”
1
|k,
where X and Y are solutions from Egs. (20) and (21).

Second, we consider J,, with the assumption that the maximum
singular value of L is distinctand

Ly, = |IL|uz, u, L =|L|vy

ulu, =1, vvy =1

Then, similar to J;, we have

dILI oL o,
=u, v, =1r vu,
Imi; am; am;;
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Hence,

0J. oV
2 _ —tr(a—vauZTVl) +e.,7v2u2TV’lei

ij mz_/

v
—||L||tr(a uzuzTVl) +elvauyV'e

L

—tr(Zel-e;C) + eijzuZTV’lei
where Z is obtained from Eq. (22). Consequently,

3J.
a—}é =-Z7C" + V Tu}

Third, consider J; = || V|||V ~"|| and the assumptionthatthe max-
imum singular values of V and V~! are distinct. We have

3 LIV v
— = v + v
ami_,» ami_,» ami_,»
witha SVDon V,
Vi =Vly, yIv=Ivixl, xlxi=1, yly=1

Vx,=1/IV Dy, yov=qa/v"hx!

x'x, =1, Yoy =1
then
Thus,
aanf,» = tr(;TVij[nV‘nxly{ - ||V||||V‘||2xny5]) =¢jCUe

where U is obtained from Eq. (23). Hence, 8J;/0M =UTCT. O
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